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We study the pattern formation of chiral charges in the presence of reactions.
We show that, in contrast to the original Turing’s mechanism of pattern formation
in diffusion-reaction systems, the interplay between chiral effects and reactions can
lead to a new kind of instability against spatially inhomogeneous perturbations, and
furthermore, to a helical pattern formation, even without diffusion. This provides
a new physical mechanism that can generate a macroscopic helical structure from
microscopic chirality, including chirality of elementary particles, via nonequilibrium
processes.
I. INTRODUCTION
The notion of chirality is universally important in various areas of natural sciences rang-
ing from physics and chemistry to biology. The helical motions and helical structures that
possess right- or left-handed chirality appear over hierarchical scales from elementary par-
ticles (e.g., neutrinos), chemical molecules (e.g., amino acids) and biological polymers (e.g.,
DNA) to biological architectures (e.g., shells). It is generally considered that macroscopic
helical structures are tied to microscopic chirality of the constituents. Although theoretical
and experimental studies have been made on such connections for specific systems mostly
in chemistry and biology, the generic physical mechanism to bridge between the different
hierarchies has been elusive. In particular, the possible emergence of macroscopic helical
structures from the most microscopic chirality to date—chirality of elementary particles—
has been poorly understood.1
In this paper, we provide a fundamentally new physical mechanism for the emergence of
the macroscopic helical structure from microscopic chirality, including chirality of elementary
particles, via nonequilibrium processes. We show that the chiral charges, in the presence of
reactions and under certain conditions, lead to a new type of instability against spatially
inhomogeneous perturbations, and furthermore, to a helical pattern formation, even without
diffusion. Our mechanism should be contrasted with the Turing’s mechanism of pattern
formation [3, 4] where diffusion plays an essential role. Our analysis is based on the effective
theory and is independent of the details of systems. Hence, it is applicable to generic systems
involving chiral charges, as long as the conditions that we shall derive are satisfied.
At a more technical level, the question that we address here can be seen from a different
viewpoint. The conventional Turing instability and pattern formation [3, 4] is based on the
1 For several hypotheses on the possible effects of the parity violation by the weak interaction on macroscopic
chemical and biological helical structures, see, e.g., Refs. [1, 2].
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2diffusion equation that follows from the Fick’s law of diffusion, j = −D∇n with D the
diffusion constant and n the charge density, which necessarily generates entropy. However,
it is known that, in some cases, there appear dissipationless currents originating from some
topological nature of a system (see below). Then, one may ask a possible pattern formation
due to such topological currents instead of diffusion currents. As we will see, our results
provide an answer to such a question for the specific case where topological currents occur
due to the chirality of elementary particles.
II. EFFECTIVE THEORY FOR CHIRAL CHARGES WITH REACTIONS
To illustrate the essence of our mechanism for helical pattern formation, let us consider a
1+1 dimensional system. It is straightforward to extend our argument to other odd spatial
dimensions (including 3+1 dimensions) where chirality is well defined.
Let us consider an effective theory for generic right- and left-handed charges, nR(x, t) and
nL(x, t), in an open system with reactions. We define the vector and axial charges, nV ≡
nR + nL and nA ≡ nR − nL, which transform under the parity transformation as nV → nV
and nA → −nA, respectively. In the presence of reactions, the generic effective theory for
nV and nA, which is consistent with parity symmetry, to leading order in derivatives is given
by
∂tnV = α1∂xnA + α2nA∂xnV + α3nV∂xnA + f(nV, nA) +O(∂
2
x), (1a)
∂tnA = β1∂xnV + β2nV∂xnV + β3nA∂xnA + g(nV, nA) +O(∂
2
x). (1b)
Here α1, α2, α3, β1, β2, and β3 are some parity-invariant constants that depend on the micro-
scopic details of the system, and f(nV, nA) and g(nV, nA) denote the reaction terms that are
generically nonlinear functions of nV and nA and that make nV and nA nonconserved.
2 From
the requirement of parity symmetry, f and g satisfy the conditions, f(nV,−nA) = f(nV, nA)
and g(nV,−nA) = −g(nV, nA). When some parity-breaking background field is present,
additional terms, e.g., γ1∂xnV and γ2∂xnA with γ1,2 being some parity-odd quantities, are
added into the right-hand sides of Eqs. (1a) and (1b), respectively. The microscopic origin
of the α and β terms and the detailed forms of f(nV, nA) and g(nV, nA) as well as those of
parity-breaking background fields will be irrelevant to the following discussion.
Note that, in a system involving only vector-type charges, which is the usual situation
considered in the context of pattern formation [3, 4], the α and β terms in Eqs. (1) would
be absent; the presence of these terms are specific to the system with chirality, and hence,
they will be called the chiral terms. Note also that the diffusion terms of the form D∂2xnV,A,
which are typically leading order in derivatives (except for reaction terms), are included in
O(∂2) and are higher order compared with the chiral terms.
2 The α2,3 and β2,3 terms are nonlinear functions of nV and/or nA, but they are not included in the reaction
terms. This is because they vanish in the limit of small momentum q → 0 and they respect the charge
conservation in the absence of f and g.
3Example of chiral terms
So far, our construction of the effective theory (1) has been general. Before proceeding
further, we discuss one concrete realization of the chiral terms above by the topological trans-
port phenomena in relativistic matter of chiral fermions: the so-called the chiral magnetic
effect (CME) [5–7] and the chiral vortical effect (CVE) [8–10], which are the currents along
the direction of an external magnetic field B and a vorticity ω, respectively. The generic
expressions of the vector and axial currents due to the CME and CVE at finite vector and
axial chemical potentials, µV and µA, and at finite temperature T are given by
jV =
µA
2pi2
B +
µVµA
pi2
ω , (2)
jA =
µV
2pi2
B +
(
µ2V + µ
2
A
2pi2
+
T 2
6
)
ω , (3)
respectively. Owing to the topological nature of chiral fermions, the transport coefficients
(except for the T -dependent term) are exact independently of interactions [11]. Also, these
currents are dissipationless and do not generate entropy [9].
Inserting these expressions into the continuity equations for nV and nA,
∂tnV +∇ · jV = 0, ∂tnA +∇ · jA = 0, (4)
we obtain
∂tnV = − 1
2pi2χA
B ·∇nA − 1
pi2χVχA
(nAω ·∇nV + nVω ·∇nA) , (5a)
∂tnA = − 1
2pi2χV
B ·∇nV − 1
pi2χ2V
nVω ·∇nV − 1
pi2χ2A
nAω ·∇nA , (5b)
for a homogeneous temperature, where χV and χA are the susceptibilities defined by χV ≡
∂µV/∂nV and χA ≡ ∂µA/∂nA.
In particular, for the homogeneous magnetic field and global rotation that are aligned
with each other, we can take B = Bxˆ and ω = ωxˆ without loss of generality, and then the
system is effectively reduced to 1+1 dimensions. In this case, we arrive at the terms that
take exactly the same form as the chiral terms in Eqs. (1), where
α1 = − B
2pi2χA
, α2 = α3 = − ω
pi2χVχA
, (6)
β1 = − B
2pi2χV
, β2 = − ω
pi2χ2V
, β3 = − ω
pi2χ2A
. (7)
In this example, the chiral terms in Eqs. (1) originate from the relativistic quantum effects
related to the chirality of elementary particles. Note here that the diffusion term j = −D∇n
is higher order in derivatives compared with the CME and CVE if we take B = O(∂0) and
ω = O(∂0).
In the context of these chiral transport phenomena in both high-energy physics and
condensed matter physics, however, effects of reactions have not been taken into account.
4Inclusion of reaction terms makes the right-hand sides of Eqs. (4) nonvanishing, which may
exhibit new and rich physical phenomena. As we will see, the interplay between chiral
effects and reactions in Eqs. (1) gives rise to a new type of instability and helical pattern
formation. Note again that Eqs. (1), being an effective theory based on symmetries and
systematic derivative expansion, are not limited to this particular realization due to the
CME or CVE, and can be relevant to generic systems involving chiral charges.
III. LINEAR STABILITY ANALYSIS
We now study the linear stability of the system described by the effective theory (1). We
assume that the system has a spatially homogeneous stable steady state (nV, nA) = (n¯V,
n¯A), and so f(n¯V, n¯A) = g(n¯V, n¯A) = 0. We consider sufficiently small perturbations around
this steady state,
nV = n¯V + δnV, nA = n¯A + δnA, (8)
so that the reaction terms can be expanded to linear order in δnV and δnA as
f(nV, nA) = fVδnV + fAδnA, g(nV, nA) = gVδnV + gAδnA, (9)
where fV ≡ ∂f/∂nV|ss, fA ≡ ∂f/∂nA|ss, gV ≡ ∂g/∂nV|ss, gA ≡ ∂g/∂nA|ss are some con-
stants that depend on the details of reactions (here “ss” stands for the steady state). From
the consideration of parity symmetry, fV and gA are scalar while fA and gV are pseudoscalar.
This is possible, e.g., if fA ∝ n¯A and gV ∝ n¯A, and they can be nonzero when the steady
state breaks parity symmetry by a nonzero n¯A. Then, we have the linearized equations for
Eqs. (1),
∂tδnV = αV∂xδnV + αA∂xδnA + fVδnV + fAδnA, (10a)
∂tδnA = βV∂xδnV + βA∂xδnA + gVδnV + gAδnA, (10b)
where αV ≡ α2n¯A, αA ≡ α1 +α3n¯V, βV ≡ β1 +β2n¯V, βA ≡ β3n¯A. (In the presence of parity-
breaking background fields, their contributions can be absorbed into αV and βA accordingly.)
We assume αAβV > 0, which ensures that the system is stable in the absence of reactions.
Let us take the temporally and spatially dependent (or spatially independent) perturba-
tion of the form,
δnV = Ve
λt+iqx, δnA = Ae
λt+iqx. (11)
We then get the matrix equation, (Mij + iqNij − λIij)xj = 0, where
M ≡
(
fV fA
gV gA
)
, N ≡
(
αV αA
βV βA
)
, x ≡
(
V
A
)
, (12)
5and I is the unit matrix. In order for it to have a nontrivial solution, we must have det(M +
iqN − λI) = 0, or
λ2 − [(trM) + iq(trN)]λ+ (detM − q2 detN) + iq(αVgA + βAfV − αAgV − βVfA) = 0,
(13)
where trM = fV + gA, trN = αV + βA, detM = fVgA − fAgV, and detN = αVβA − αAβV.
The stability conditions against the spatially homogeneous perturbations can be found
from Eq. (13) with q = 0 as
trM < 0, detM > 0. (14)
We now look for the condition that the steady state is unstable to a spatially inhomoge-
neous perturbation. This amounts to the condition that there must exist some real q, such
that the real part of the solution to Eq. (13) is positive, Reλ > 0. This eventually reduces
to the inequality, [
H(α, β, f, g)− αAβV(trM)2
]
q2 > (trM)2 detM, (15)
where
H(α, β, f, g) ≡ [βVfA + αAgV + fV(αV − βA)][βVfA + αAgV − gA(αV − βA)] . (16)
Since the right-hand side of Eq. (15) is some positive constant from Eqs. (14), the necessary
and sufficient condition for the existence of such q is
H(α, β, f, g) > αAβV(fV + gA)
2. (17)
Apparently, in order for the condition (17) to be satisfied, nonzero chiral terms are necessary.
Also, the steady state must explicitly break parity symmetry (otherwise fA = gV = 0).
Hence, we call this instability the “chirality-driven instability.”3
It should be remarked that, in the original Turing mechanism [3], diffusion drives the
instability and pattern formation in open systems. On the other hand, in our case, the
interplay between chiral effects and reactions leads to the instability (and furthermore, a
helical pattern formation, as we shall see below) even without diffusion.
For αV = βA and αA = βV,
4 in particular, the condition (17) is simplified as
αA 6= 0, |fA + gV| > |fV + gA| . (18)
3 Although the chirality-driven instability may look similar to the so-called chiral plasma instability in
charged relativistic chiral matter [12], the former is different from the latter in that it emerges only in the
presence of reactions.
4 For the particular realization of the chiral terms due to the CME and/or CVE above, these two conditions
are equivalent to just χV = χA.
6In this case, it is convenient to move to the chiral basis in terms of nR and nL, where the
linearized equations of Eqs. (1) read
∂tδnR = αR∂xδnR + FRδnR + FLδnL, (19a)
∂tδnL = αL∂xδnL +GRδnR +GLδnL, (19b)
where αR ≡ αV+αA, αL ≡ αV−αA, FR ≡ (fV+fA+gV+gA)/2, FL ≡ (fV−fA+gV−gA)/2,
GR ≡ (fV +fA−gV−gA)/2, and GL ≡ (fV−fA−gV +gA)/2. Then, the stability conditions
against spatially homogenous perturbations in Eqs. (14) become
FR +GL < 0, FRGL − FLGR > 0. (20)
Also, the condition for the chirality-driven instability in Eq. (17) is rewritten as
αR 6= αL, FRGL < 0 , (21)
which suggests that one of FR or GL is positive while the other is negative. The positive
one may be called the activator, and the negative one the inhibitor. This has a somewhat
similar structure to the Turing’s activator-inhibitor model [3, 4], although the underlying
mechanism leading to the instability is different.
IV. HELICAL PATTERN FORMATION
As a demonstration of the chirality-driven instability and helical pattern formation, we
consider the following toy model for chiral charges, nR(x, t) and nL(x, t):
∂tnR = αR∂xnR + FRnR + FLnL + γn
3
R, (22a)
∂tnL = αL∂xnL +GRnR +GLnL, (22b)
where all the variables and coefficients are made dimensionless by certain rescaling (and, for
simplicity of notation, we use the same variables and coefficients as before.) This model may
be seen as describing fluctuation of chiral charges around the the parity-breaking background
field (e.g., background axial charge n0A 6= 0) for Eqs. (19). Here, the nonlinear γ term is also
added to stabilize the system.
As an example, we take αR = 0.5, αL = 0.1, FR = 0.5, FL = −1.5, GR = 1, GL = −2,
and γ = −0.1, such that the conditions (20) and (21) are satisfied. As an initial condition,
we take a perturbation nR(x, 0) = rR(x) and nL(x, 0) = rL(x), where rR,L(x) are uniform
random functions in the interval [−1, 1] and  = 0.01. In order to compute the time evolution
of the initial perturbation, we perform the numerical simulation for 200 units of time with
time step size ∆t = 0.002 and for 500 grid points with spatial grid size ∆x = 0.002. Then,
we find nR,L(x, t) at each spatial grid point x = k∆x (k = 1, 2, · · · , 500) and at each time
step t = `∆t (` = 1, 2, · · · , 200).
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FIG. 1: Plots of nL (left) and nR (right) for the toy model (22) in the (x, t) plane.
The numerical result in the (x, t) plane is shown in Fig. 1. This shows that the initial
perturbation evolves into a propagating helical pattern in the (x, t) plane5—a feature that
cannot be seen in the usual Turing pattern in 1+1 dimensions. This emergent macroscopic
helical structure spontaneously breaks parity and both temporal and spatial translational
symmetries (although the initial state does not). In particular, this result shows that micro-
scopic chirality can generate a macroscopic helical structure via nonequilibrium processes
even in the absence of diffusion.
This symmetry breaking pattern is reminiscent of the so-called “chiral soliton lattice”
(CSL) that breaks parity and spatial translational symmetries. The CSL is realized as the
ground state of various physical systems with chirality, such as cholesteric liquid crystals
[13], chiral magnets [14, 15], and quantum chromodynamics at finite density in a magnetic
field [16] and/or under a rotation [17]. Compared with the CSL in these systems, the parity-
and translation-violating structure emerges via nonequilibrium processes in the present case.
In passing, we also note that the resulting state here may be regarded as a nonequilibrium
realization of the so-called time crystal [18, 19].
V. DISCUSSION AND OUTLOOK
In this paper, we have demonstrated a new mechanism of chirality-driven instability and
helical pattern formation due to the interplay between the chiral effects and reactions in
open systems. Unlike the original Turing’s diffusion-driven instability, diffusion is irrelevant
in our mechanism. Our mechanism, being based on the effective theory, is relevant to
generic systems with chiral charges, as long as the conditions (14) and (17) are satisfied. In
5 So far, we have focused on the (x, t) coordinates in 1+1 dimensions. We can immediately extend this
result to 3+1 dimensions when the system has inertia in the other (y and/or z) direction. Then, this
propagating state in 1+1 dimensions corresponds to a helical pattern in 3+1 dimensions.
8particular, it is applicable to chiral charges of elementary particles, where the emergence of
macroscopic helical patterns is a consequence of topological currents (CME and/or CVE)
associated with their chirality.
There are several future directions in which one can extend our analysis. (i) Effects
of diffusion can be included as the higher-order correction to see how our mechanism is
quantitatively modified. This study would clarify the competition or interplay between
the chirality-driven instability and diffusion-driven instability. (ii) It is straightforward to
generalize our effective theory (1) to 3+1 dimensions to study the helical pattern formation.
One such direction is to solve Eqs. (5) for inhomogeneous magnetic fields and/or rotation
in the presence of reactions. (iii) Since chirality is defined only in odd spatial dimensions,
our mechanism of the chirality-driven instability is not directly applicable in two spatial
dimensions. Still, one can ask if and how the topological currents in 2+1 dimensions, such
as the quantum Hall effect, can lead to pattern formation without diffusion.
Finally but not least, it is an important question to understand whether and how our
mechanism can be realized in actual physical systems. Concerning the chirality of elementary
particles, it is typically considered that effects of parity violation by the weak interaction are
too small to affect macroscopic helical structures [1, 2]. Even if so for each microscopic weak
process, this is not necessarily the case in astrophysical systems. In fact, it has been recently
argued that a core-collapse supernova is the system with the macroscopically largest parity
violation in the Universe, where nonequilibrium electron capture reactions, p+e−L → n+νeL,
involving only left-handed electrons and neutrinos, produce large chirality asymmetries of
leptons, and consequently, a strong helical magnetic field (which is equivalent to circularly
polarized light), and helical fluid motion [20]. Moreover, the length scale of magnetic fields
and fluid motion there can be amplified to macroscopic scales by the inverse cascade of
the chiral turbulence [21]. Since the supernova is an open system with such large parity
violation, our mechanism of the helical pattern formation may potentially be realized. This
is just one possible example, and it would be interesting to investigate the relevance in other
systems as well.
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